Ordinary and Partial Differential Equations

Maple is the world leader in finding exact solutions to ordinary and partial differential
equations. Maple 2021 extends that lead even further with new algorithms and techniques
for solving more ODEs and PDEs.

For Maple 2021, there are significant improvements in dsolve for the exact solution of

2™ order linear ODEs using hypergeometric functions. The algorithms implemented are at
the frontier of the understanding of this problem, and handle classes of extended
equations with apparent singularities as well as the most common linear equations with 4
and 5 singularities.

For ODEs and PDEs, the LieAlgebrasOfVectorFields package in Maple 2021 has a new
command MapDE , for analyzing the possible linearization of polynomially nonlinear
equations, and determining the corresponding mapping when it exists, allowing in that
way for the computation of more approximate and exact solutions.

The new Student[ODEs] package covers the material in a standard first course in ODEs
and provides step-by-step tools for solving ODEs as well as interactive visualization. For
details, see Student Packages.

Advanced type of Hypergeometric solutions for 2" order linear ODEs

Linearization of polynomially nonlinear ODE and PDE

Advanced type of Hypergeometric solutions for
2"d order linear ODEs

When they exist, 2F1, 1F1 and OF1 hypergeometric solutions for 2" order linear ODEs are
now computable in a rather general case. An equation with 3 regular singularities and any
number of apparent singularities can now be solved in terms of 2F1 equations using the
algorithms presented in (6) and (7). Likewise, an equation with 2 or 1 singularities, one of
which is irregular, can now be solved in general using 1F1 and OF1 hypergeometric
functions using the algorithms presented in (1), (2) and (3). Common equations with up to
5 reqgularities (plus any number of apparent singularities) can now be solved using
mappings and the tables from references (4) and (5). All this significantly extends the
previous capabilities in solving linear equations, and also of higher order and nonlinear
ODE and PDE that through a reduction or symmetry process require the solving of

intermediate Z”dorder linear ODEs.

The new algorithms are now automatically used by dsolve and also accessible through a
new DEtools command, hypergeometricsols.




Examples

Despite the powerful algorithms for hypergeometric solutions of previous Maple releases,
none of the following examples could be solved. Now they can. This equation admits 2F1
solutions where the argument is polynomial in x of degree 3
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Verify this solution
> odetest( (1.1), odel)
0 (1.2)

This other equation admits solutions in terms of modified Bessel functions of the first and
second kind
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> dsolve( ode2 )

y(x) (1.3)
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Moreover, note that each independent solution involves a linear combination of functions.
Indeed, while Bessel (or more generally, OF1) solutions are related to equations with 1
singularity of irregular kind, this example has other regular singularities:

+ (_sz ((—4x3+36x2— 141x+225)K1( ) + (-4 +24x" —63x

X
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> DEtools|singularities | ( ode, )

9 15
regular = {0, 3, 5y }, irregular = { % } 1.4)

thus requiring the use of a linear combination of pFqg functions to construct a solution. A
similar situation happens with the next example where, due to the presence of apparent
singularities, a linear combination of - this time 1F1 - hypergeometric functions (KummerM
and KummerU) is required to solve the problem
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> dsolve(odeg)
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In addition to computing new solutions out of reach in previous releases, when the linear
ODE is of Heun type, so it has 4 regular singularities or one of its confluent cases, and it
happens to be one of the special Heun function cases that can be expressible using

hypergeometric functions, both kinds of solutions are now computable. This equation is of
the Heun triconfluent type

2

> ode, = % y(x)=(4x*-4x2 +10x-2) y(x) :

The algorithms in dsolve perceive that and solve it accordingly

> dsolve(ode4)
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By using the option of indicating the method, a solution in terms of linear combinations of
Airy functions (of the OF1) is now also computable

> dsolve(ode4, [hypergeometricsols])

yx)=_Cl (2x+ 1 4i'(*=1)+ 2 +x—1)4i(*=1))+ c2(@2x+1)Bi'(x¥* @7
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To express this solution in terms of the more general 0F1 form you can use

> convert((1.7), hypergeom)
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A similar situation, this time with regards to this equation of the Heun biconfluent class
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> dsolve(odes)
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The solution is expressible in terms of linear combinations of modified Bessel functions of
the 15t and 2"d kinds

> dsolve(odes, [hypergeometricsols])
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The following example is of the same kind but more general: it belongs to the Heun
general class, but again it is one of those special cases where pFq function solutions exist,
in this case 2F1 with rational coefficients
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> dsolve( oa’e6 )

1 412 12
y(x) = s | C1HG —Alvz A7 [45927 (b +4) [( b
(27" +14x+3) 412 +7 14

3b 511 176> 85b
—X—Hj\/l904l\/——5983+(1b +101b+7)ﬁ+ o o

—48])/((41ﬁ+7)3(41ﬁ—7)2(561ﬁb—6J19041ﬁ—5983

+17b)),1+%,

251505( 61y2 _ 21 )\/19041\/——5983 +b(1f—ﬁ)J (12 + b)

115 230 460

41y +7) (4147 =7) (56 1y7 b — 6./ 1904 1y7 — 5983 + 175)

o0 | o

3
=+
%+1,%,—L x® (27x+41\/7+7)314(—27x+4I\/7—7)

412 +7

6561 (57113 + 10604172

_ 4(s61y7 + 17)2 (4a1y7 — 7)2(41\/7+ 7

1 412 +7
+ T2 | -C2HG L,(ISMSIS (b—4) (((
(27" + 14x + 3) 4102 +7

I I 2 1
_61761? 30 )J—_ L1 5)]19041J——5983+(1b—101b

b

y(x):



2
N 17949I)ﬁ— 5983b° 29915 b +48)j/((561ﬁ+17)(41ﬁ

238 1904 952

7)3 (41ﬁ—7)2(561ﬁb—6J19O41ﬁ—5983 +17b)),1—E,

329

-(503010((—6Iﬁ 21 )\/19041\/——5983 +b(I\/——%)J -6

115 230

+b)]/<(41\/7+7)3 (4197 —7) (56147 b — 61904 1/7 — 5983

3 b
+17b)),—£+1,3-L s 8(27x+41\/7+7)3/4(—27x

27 412 +7
6561 (57113 + 1060417)

4(561y2 + 17) (41J7—7)2(41ﬁ+ 7)3

+41J2 —17)
> dsolve(ode6, [hypergeometricsols])
b _1 b _1 B
14 N N 5 b b
y(x)=_CI (1+Tx+9x) (1—?) X 2F1 S 24 o
b
1 b 256 x° #
4ol — e — + 2 (1+—x+9x2)
8 127 x=3)"(27x" 4+ 14x+ 3)
_1 L
8 2 4 2,20
_x 878 >, b b 1,05,
(1 3) * 2F1[8+24 2w Tt

256 x°
(x—3) (275 + 14x +3)

> odetest( (1.12), 0de6)
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Linearization of polynomially nonlinear ODE and
PDE

A fingerprint of a linear DE is that linear super-position of its solutions yields other
solutions. Encoded geometrically this means that the input DE must have a subgroup of
symmetries corresponding to this super-position symmetry (and in particular be an infinite
abelian Lie subgroup in the case of linearizable PDE).

IsLinearizable and MapDE leverage the power of the LieAlgebrasOfVectorFields package,
introduced in Maple 2020, by algorithmically computing and exploiting symmetry group
properties through their associated Lie algebras. Lie symmetry groups, when linearized
about the identity symmetry, yield Lie algebras of vector fields tangent to their one
parameter group orbits.

This beautiful linearization yields determining systems of linear homogeneous PDE
(LHPDE) for the components of the associated Lie algebra of vector fields.

Then algorithmic differential reduction and elimination algorithms are applied to these
linear systems, to find both algebraic (e.g. center, lower central series, etc) and geometric
(e.g. distribution, invariants, etc) properties of the Lie algebras of vector fields.

The LieAlgebrasOfVectorFields package is a complement to DifferentialGeometry. In
particular, the LieAlgebras package in DifferentialGeometry enables the flexible
formulation of geometric problems arising in applications, enabling the user to formulate
and solve them using exterior differential systems and moving frames while working
intrinsically on the relevant manifolds.



The IsLinearizable command illustrating the existence step of
MapDE

The IsLinearizable command introduced in Maple 2020 illustrates some basic ideas
underlying MapDE. In particular it uses LieAlgebrasOfVectorFields (LAVF) to implement a
remarkable algorithm introduced by Lyakhov, Gerdt and Michels (2017).

To illustrate it, consider the nonlinear ODE:

> with(LieAlgebrasOfVectorFields) :

d3
> NLODE := u(x) [; u(x)

8 x (u(x) (% u(x)) +x)4 (14 u(x)* + %)

u(x)z-l-x2

=0:

To check whether this ODE can be linearized you can use IsLinearizable. First, set up the
symmetry vector field

> X := VectorField ([ [xi(x,u),x], [eta(x, u), u]], space =[x, u])
X=E&(x,u) r +M(x,u) w 2.1.1)

Then apply IsLinearizable

> IsLinearizable(NLODE, X)
true (2.1.2)

Here true means that there exists an invertible change of variables that maps the
nonlinear ODE to a linear ODE. IsLinearizable is a good example of how LAVF enables the
efficient computation of geometric information, in this case the existence of a linearization
map, to determine if more expensive methods can be applied to a problem (in this case to
determine the linearization). Here we display the simple procedure, which uses the LAVF
commands SymmetryLAVF, SolutionDimension, DerivedAlgebra and IsAbelian.

> print(IsLinearizable)

proc(DEs::equation, X::LieAlgebrasOfVectorFields:-VectorField := NULL, $) (2.1.3)
local n, L, m, Da, S;
if DEs::equation then S := [DEs]| else S := DEs fi;
n := PDEtools| difforder](S);



if n» < 2 then return frue fi;
try L := LieAlgebrasOfVectorFields:-SymmetryLAVF(S, X) catch: error end;
m = SolutionDimension(L);
if n=2 and m =28 then return frue fi,
if m=n + 4 then return rrue fi
if m=n+1 or m=n+ 2 then
Da := DerivedAlgebra(L); return evalb(IsAbelian(Da) and n
= SolutionDimension(Da) )
fi,
return false
end
In the procedure above, for our example, n = 3. SymmetryLAVF sets up the Lie algebra of
vector fields, and m is the dimension of the Lie symmetry algebram =4 =n+ 1. The
LAVF instruction IsAbelian(Da) yields true, without determining a basis for the Derived

Algebra Da. Only algorithmic differentiations and eliminations of the determining system
for Da were needed, based in an induced Lie algebra on the space of initial data for Da.

Apply MapDE to
3<uux,x+ui+l)2 8x(uux+x)4(u2+x2+1)

uu +3uu — — =0
X, X, X X XX + 2 2
uu Tx u +x

The IsLinearizable command in the previous section only determines the existence of a
mapping of an input DE to some (unknown) linear (target) DE. Here we illustrate how
MapDE determines more information about the mapping, and in some cases can
determine the map explicitly.

Applying MapDE to NLODE:

We set the MapDE infolevel to get some information about the main steps of the
computation:

> infolevel[ MapDE] := 1:

> MLODE = MapDE([[NLODE], [[x], [«]], [[xi], [eta]]], [ ToLinearDE, [ [xh], [uh]]], [ [psi],
[phi]])

MapDE: Begi n section where we conpute sys S' of subal gebra L' of
L, containing solution of mapping problem

MapDE: Single ODE so apply the Lyakhov-Gerdt-M chels ODE Test for
Exi stence of Linearization

MapDE: I nput DE is linearizable by Lyakhov-CGerdt-M chels ODE
Test: dinL = 4

MapDE: Construct BK map eqns on Tangent Space to Jet Variety.



MapDE: Mappi ng equati ons construct ed.

MapDE: Set up ranking and m ndi mspecification for differential-
el i mnation.

MapDE: In ToLi near and not CK

MapDE: Settings for differential-elimnation: MnD m= 3 ranking
= [rho[1l] xi eta] RifStrategy = ezcriteria =[1 .9]

MapDE: Apply differential-elimnation (rifsinp) to Mapping

Equati ons.

MapDE: Conpl eted differential-elimnation and casesplitting of
Mappi ng System Tinme in rifsinp = 0.45e-1

MapDE: Exi stence of linearization was found earlier. Now
attenpting to integrate mappi ng egns

MapDE: Try to sinplify PhiEqSol by setting values for the unknown
functions, constants etc.

MapDE: Attenpted sinplification of PhiEq yiel ded nonzero
Jacobi an, now using sinplified form

0
o Wlnu) =0, @2.1)

MLODE :=table| | IntegratedMap = [xh =’ + xz, uh = —x], MapDEPivs =

3

(i q)(x,u))x— (i ¢(x,u))ui0], TargetDE = uh(xh) =
Ou Ox Ak
_(xh+ lx)hUh(Xh) where |uh(xh) (& uh(xh)j # 0, —uh(xh)z—i-xh # 0, uh(xh)

#0 ], MapExists = true, RedMapDE = % O(x,u) =
X

u

—%([% ¢(x,u)jux2—2 (% (x,u))uzx— (% ([)(x,u))uz— (%

0
¢<x,u>j xz), % Wx u) = (5 wx’”)) )

u

Here MapDE has carried out the existence step described in the previous section, to
determine that there exists a mapping [xh = psi(x,u), uh = phi(x,u)] of NLODE to a linear
ODE. Then MapDE is guaranteed in theory to return canonical differential equations in phi
and psi for the mapping MLODE[RedMapDE] subject to the inequality constraints MLODE
[MapDEPivs]. MapDE then uses pdsolve to attempt to integrate those equations to obtain
an explicit form for the mapping, obtaining in this case:



> MLODE] IntegratedMap ]

[ xh = u* + x2, uh=-x] 2.2.2)
The target linear ODE is also obtained:
> MLODE]| TargetDE

(xh + 1) uh(xh)
xh

where

uh(xh) (% uh(xh)) # 0, —uh(xh)2 +xh  (2.2.3)

#* 0, uh(xh) # 0}

Even though both NLODE and the considerably simpler linear MLODE can not be explicitly
solved by dsolve, approximations for a basis of 3 solutions can be found by dsolve/series
or dsolve/numeric. In this way the linearity of the target can be exploited to enable a
general solution to be constructed without further significant computation.

Nonlinear PDE System Imeanzable by hodograph
transformation v =v'u_ u=u’v_

> infolevel| MapDE] := 2 :

> NPDESys = [diff (v(x, 1), ) =v(x, 1) diff (u(x, 1), x), diff (u(x, 1), 1) =u(x, )" diff (v(x, 1), x) |

ad 0 0 0
NPDESys = o v(x, t) =v(x, t)3 (a u(x, t)) o u(x, t) =u(x, t)5 (& v(x, t)) 2.3.1)

We now compute the linearizing mapping and, when possible, also the resulting linear DE
system, with MapDE

> MPDESys, := MapDE( [ NPDESys, [[x, t], [u, v]], [[& t], [0, B]]], [ToLinearDE, [ [xh, th],

[uh, vi111, [[w: Y1, [, 0]])

MapDE: Enter MapDE: Pl anned to have gl ossary of synmbols and their
meaning simlar to rifsinp:

MapDE: ID = Initial Data

MapDE: Di m = Di nensi on

MapDE: DA = Derived Al gebra

MapDE: R = input DE or its rif-form Rh = Target DE or its rif-
form

MapDE: S = DetSys Symof R S = DetSys for SubAlg of Symof S
MapDE: | nput DE of order 1 in 2 dependent variable(s) 2

i ndependent vari abl e(s) 2 equation(s)

MapDE: Enter Fast Early Al gebraic-Ceonetric Prop Test

MapDE: Begin section where we conpute sys S of subalgebra L' of
L, containing solution of mappi ng problem



MapDE: About to enter DerivedAl gebral nf

Deri vedAl gebral nf: Enter DerivedAl gebral nf

Deri vedAl gebral nf: Lie pseudogroup G of symof DE dim G =
infinity So DE is possibly linearizable

DerivedAl gebralnf: Apply rif to commutator DA sys

DerivedAl gebralnf: ID for DA sys = [[] [xi(x][O] t[O] u[0] v) =
_F1(v) tau(x[O0] t[O] u[0O] v) = _F2(v)]]

MapDE: Exited from DerivedAl gebralnf. Tine in DerivedAl gebral nf =
. 588

MapDE: Construct BK map eqns on Tangent Space to Jet Variety.
MapDE: Mappi hg equati ons constructed.

MapDE: Set up ranking and m ndi mspecification for differential -
el i m nation.

MapDE: I n ToLi near and not CK

MapDE: Settings for differential-elimnation: MnD m
ranking = [rho[1] rho[2] xi tau eta beta] RifStrategy
ezcriteria = [1 .9]

MapDE: For a detail ed description of these settings see Maple's
docunentation on rifsinp.

MapDE: Apply differential-elimnation (rifsinp) to Mapping
Equat i ons.

MapDE: Conpleted differential -elimnation and casesplitting of
Mappi ng System Tine in rifsinp = 2.815

MapDE: After rif ncases = 46

MapDE: Nunber consistent cases satisfying m ni numdi mcondns 2
MapDE: Mul tiple 2 cases found. Analyzing cases.

MapDE: nops(Ri f MapEgsSys) = 2 ntruecases= 2

MapDE: CaseSel ectList = [2]

MapDE: Apply a pure elimnation strategy to isolate the target
and prepare to find the transformations.

MapDE: Psi Phi Eqs have triangul ar structure wt phi - psi vars
MapDE: Exi stence of linearization was found earlier. Now
attenpting to integrate mappi ng egns

MapDE: Try to sinplify Phi EqSol by setting values for the unknown
functions, constants etc.

MapDE: Attenpted sinplification of PhiEq yiel ded nonzero
Jacobi an, now using sinplified form

infinity

0
MPDESyS3 :=table| |[IntegratedMap = [xh=u, th=v, uh =x, vh =t], MapDEPivs = a 0(x, 1, (2.3.2)
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- (— uh (xh, th)) i + (— uh (xh, th)) I % 0, vih(xh, th) # 0

MapExi
ot ah , MapLExists

x, t,u,v) =0,

_ _[ @ _g O _
=true, RedMapDE—[ o2 O(x, t,u,v)=0, o2 Q(x, t,u,v)=0, o o(

0 0
% o(x,t,u,v) =0, a Y(x,t,uv)=0, ™ v(x, tu,v) =0, — Y(x,t,u,v) =0, —

O(x,t,u,v)=0, % y(x,t,u,v) ZOHJ

Here MapDE finds an elegant hodograph form for the transformation to a linear system.
Such hodograph transformations are important in applications, precisely because they
linearize such problems. Notice that during the linearization analysis, MapDE detected
highly non-trivial infinite dimensional Lie pseudogroups which were key to the analysis.

Fast certification of nonlinearizability of the KP Equation

3ui 3uux’x U oxx 3uyy
ux,t+ 5 + > + 4 + y =0

Consider the KP (Kadomtsev-Petviashvili) equation which arises from nonlinear wave

motion, and is a generalization of the KdV (Korteweg-de Vries) equation to two
dimensions:

> infolevel| MapDE] := 2

infolevelMapDE =2

2.4.1)

> KPDE := [diﬁ‘(diff(u(x,y, t),t) + % u(x,y, t) diff (u(x,y,t),x) + % diff (u(x,y, t), x, x, x),

3
o]+ i (). ) =0



KPDE = % u(x,y, t) + > + ) (2.4.2)

5 u(x ) 3—F u(x,yt)

+ 1 + 1 =0

> MKPDE := MapDE(|[KPDE, [ [x,y,t], [u]], [[& N, t], [B]]], [ ToLinearDE, [ [xh, yh, th],

[uh]]), [[w. X, 0], [0]])
MapDE: Enter MapDE: Pl anned to have gl ossary of synbols and their
meaning simlar to rifsinp:
MapDE: ID = Initial Data
MapDE: Di m = Di nensi on
MapDE: DA = Derived Al gebra
MapDE: R = input DE or its rif-form Rh = Target DE or its rif-
form
MapDE: S = DetSys Symof R, S = DetSys for SubAlg of Symof S
MapDE: | nput DE of order 4 in 1 dependent variable(s) 3
i ndependent vari abl e(s) 1 equation(s)
MapDE: Enter Fast Early Al gebraic-CGeonetric Prop Test
MapDE: Input R not linearizable since DiffDim(L}=1 < 2 =
DffDmR))

MKPDE :=table([ MapExists = false]) (2.4.3)

Although the KP equation has an infinite dimensional Lie pseudogroup of symmetries it is
not linearizable, since the differential dimension (a measure of size of such pseudogroups)
is not large enough (not equal to the differential dimension of solutions of the KP equation)

To solve the equation in cases like this one, note that despite the non-existence of a
linearizing mapping, the underlying point symmetries of the equation can be used to
compute invariant solutions. The existence of point symmetries is guaranteed when the
PDEtools:-DeterminingPDE command returns related infinitesimals different from zero

> PDEtools:-DeterminingPDE(KPDE)

0
3 — _fy(x, Yt u) 3

0> 0 0
g (%3, t,u) =0, m Sy tu)= 5 o Sy, tu)=0, e

(2.4.4)
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3 2 % Sy tu)
_{y(x,y,t,u)=O,_77u(x,y,t,u)=—u (@_ﬁy(x,y, t,u)) + 3 ]

Indeed, in this example, infinitesimals depending on three arbitrary functions are
computable using PDEtools:-Infinitesimals

> PDEtools:-Infinitesimals (KPDE)

d d—zFlt g L3
( _F](t))x [ _()jy Z(dt_F2(t))y

dt dr
E(xoptu)= 5 - 3 — 3 + F3(1),  (2.4.5)
d 3 FI(t
Gl = (g P10 |+ P20, gt =25 1 (s =
2 3 2
d—z_FI(t) x 2 d—3_F](t) Vo4 d—z_F2(t) y
(4 Fin |+ dr _ dr _ dr
“\a 10 3 9 9
d
X 2 F30)
3

With the purpose of using these infinitesimals to compute solutions, this general form
(2.4.5) can be specialized

> PDEtools:-Infinitesimals ( KPDE, specialize Fn)
[_éx(x, »tu)=0, _ﬁy(x, »tu)=1, _ét(x, »hu)=1,_1n (%, tu)= 0], [_éx(x, »tu)=1, (2.4.6)

_éy(x, yotu)=0, _E(x,ytu)=1,_n (x,pt,u) ZO], _&(xy tu)=0, _ﬁy(x, v, t,u)=0,

Sy tu)= S My tu) = 0}, [_éx(x, yotou)=t, (%, t,u) =0, _&(x,y, 5 u)

2
=1,_n (x,» t,u)=?

2
3 |:_§x(x’y’ t, u) = _Ty,_g(x,y, t’ u) :t, _é[(x,yﬁ t’ u) = lﬂ_nu('x,
3t

X
Y L, u) =01, [_‘ic(x’y» f u) = Ea_‘%(xaya f u) =V _ét(xaya f u) = 7 + 1,_77u(xay» A u) =

Using any of the infinitesimals above, for example the first one, we get a solution

> PDEtools:-InvariantSolutions (KPDE, (2.4.6)[1])



u(x,y,t) 2.4.7)

(-4 c2*—4 2 C3—3 C3*)cosh( C2x+ C3(-y+1)+ Cc1)*+12 c2*
6cosh( C2x+ C3 (-y+1)+ _CI)* C2*

From the form of this solution one can infer this equation also admits travelling wave
solutions

> PDEtools:-TWSolutions (KPDE)

{u(x,y,1)=_C5}, |u(x, y,6)=-2 C2*tanh(_ C2x+ C3y+ C4t+ CI)? (2.4.8)

8 ¢2*—4 2 c4-3 3
+ 2= —= =
6 C2
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